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The open stadium billiard has a survival probability, P (t), that depends on the rate of
escape of particles through the leak. It is known that the decay of P (t) is exponential
early in time while for long times the decay follows a power law. In this work we
investigate an open stadium billiard in which the leak is free to rotate around the
boundary of the stadium at a constant velocity, ω. It is found that P (t) is very
sensitive to ω. For certain ω values P (t) is purely exponential while for other values
the power law behaviour at long times persists. We identify three ranges of ω values
corresponding to three different responses of P (t). It is shown that these variations in
P (t) are due to the interaction of the moving leak with Marginally Unstable Periodic
Orbits (MUPOs).
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I. INTRODUCTION
Chaotic billiards is a theory of dynamical systems that is popular due to its relatively
simple formulation, rich dynamics and its application in areas such as mechanical processes,
molecular dynamics and optics.1 Within this theory, the topic of open chaotic billiards, in
which particles can escape from the billiard through a leak, has received much attention in
recent years due to the presence of transient chaos. Transient chaos is chaotic motion with
a finite lifetime that cannot be studied using asymptotic behaviour alone.2,3 Open billiards
also have applications in a wide variety of physical phenomena including quantum chaos,
astronomy and hydrodynamics.4
The stadium billiard, first studied by Bunimovich, consists of two parallel straight edges
with two semi-circular curves at each end.5,6 The closed stadium billiard exhibits strongly
chaotic behaviour due to the defocusing mechanism that can occur when particles hit the
curved boundary. Early studies of the open stadium billiard, in which a small leak was placed
on the boundary of an otherwise closed stadium billiard (see fig. 1), revealed interesting
results for the fraction of initial trajectories remaining within the billiard as a function of
time.7,8 This fraction is referred to as the survival probability, P (t). It was shown that P (t)
decreases exponentially at early times (P (t) ∼ exp (−κt)). However, at longer times P (t)
asymptotically approaches a power-law (P (t) ∼ t−z). This power-law response is referred to
as the formation of an algebraic tail of the survival probability.
It is known that the algebraic tail is due to the presence of “sticky regions” in the phase
space of the billiard.9 An invariant set in phase space is deemed sticky if orbits approaching
the invariant set remain close to the invariant set for a long time.10,11 In the stadium billiard,
the “sticky” invariant set consists of orbits that collide with the straight edge orthogonally
and so bounce back and forth between the straight edges. Orbits colliding with the straight
edge at an angle close to orthogonal are referred to as Marginally Unstable Periodic Orbits
(MUPOs).12 These MUPOs move slowly through the phase space and so can take much
longer than a chaotic orbit to reach some regions of phase space, resulting in the algebraic
tail of P (t).
In this work we investigate the behaviour of P (t) when the leak rotates at constant
velocity around the boundary of the stadium billiard. Our intuition tells us that a rotating
leak should eliminate the algebraic tail since the leak will move to regions of phase space
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in which MUPOs exist rather than MUPOs having to reach the location of a leak fixed in
position. However, our results show that the picture is more complicated than this. There
are indeed values of rotation velocity, ω, for which the decay of P (t) is purely exponential
but we also find values for which the algebraic tail persists. Finally, we find values of ω for
which an algebraic tail of P (t) begins to form at intermediate times but exponential decay
resumes at later times.
There has been a wide variety of studies of open billiards,4 including the effects of noise
perturbations on trajectories,13 multiple leaks14,15, vibrating boundaries16 and leak size.17
However, it appears that there is only one previous work on a billiard with a moving leak.18
In this work by Hansen et al., each particle was simulated separately and the leak location
changed if the particle escaped or after 5 collisions with the boundary. Thus, the leak
dynamics were dependent on the particle dynamics and were different for each particle
trajectory. In our work, we study a leak that is completely independent of the particle
dynamics.
The contents of this paper are as follows. In section II we introduce the open stadium
billiard and describe the set-up of our numerical model. In section III we described results
for a stationary leak. This provides a useful basis for interpreting the results from a rotating
leak. Section IV describes the results for the rotating leaks, divided into subsections for
low, medium and high rotation velocities. Section VI discusses the effects of varying the
size of the rotating leak and, finally, section VI summarizes our results and contains some
concluding remarks.
II. THE BUNIMOVICH STADIUM AND SIMULATION SET-UP
A sketch of the Bunimovich stadium is shown in fig. 1. The stadium consists of two
straight, parallel edges of length d, joined to semi-circles of radius r at each end. Particles
move in straight lines in the stadium, have a constant velocity and are non-interacting (they
cannot collide with each other). When a particle reaches the stadium boundary it undergoes
a specular reflection, meaning that the incoming and outgoing trajectories make the same
angle with the normal to the boundary. The open stadium billiard contains a leak, a portion
of the boundary through which particles escape rather than being reflected.
Birkhoff coordinates x = (s, p), where s ǫ [0, 1] and p ǫ [−1, 1], are used to define particle
3
collisions. Here, s is particle location on boundary measured clockwise from the midpoint
of the top edge of the stadium and p = sin θ, where θ is the angle between the parti-
cle trajectory after collision and the inward pointing normal to the boundary. The value
θ = π/2 (−π/2) corresponds to a particle moving along the boundary in the direction of
increasing (decreasing) s.
We define a leak in the stadium billiard as the range of s values [sL(t)− λ/2, sL(t) + λ/2]
where sL(t) represents the location of the centre of the leak at time t and λ is the width
of the leak (constant in time). If the s coordinate of a particle during any collision lies
within the leak then that particle does not undergo a reflection but instead escapes from
the system and its trajectory is no longer tracked. We use ω to denote the rotation velocity
of the leak in units of cycles per unit time (i.e. ω = 1 results in one complete rotation of
the leak around the stadium boundary in one unit of time).
For our calculations we use d = 2, r = 1, λ = 0.01 unless otherwise stated. For simulations
with rotating leaks the leak is initialised at sL(0) = 0 and moves in the +s direction. In
each simulation 1010 particles are initialised, uniformly distributed in (s, p), with a particle
velocity v = 1. Each particle is created at a randomly chosen initial time between t = 0 and
t = 4. This random initial time is used to avoid correlations in the collision times of nearby
orbits. Finally, we note that several tests were carried out in which particles were initialised
uniformly in the 3-dimensional billiard-flow phase space. These produced similar results to
the uniform initialization in (s, p) suggesting that the results we report are insensitive to the
initial conditions used.
III. STATIONARY LEAKS
We begin our presentation of results with the case of a leak that is fixed in position
(ω = 0). In fig. 2 we plot the survival probability for a number of fixed leak locations
on both the straight and circular portions of the boundary. Due to the symmetry of the
stadium we need only simulate the range of locations sL ǫ [0, 0.25].
The transition from exponential to algebraic decay is clear in all of the results in fig. 2.
For early times (t <∼ 500) the survival probability is well fitted by exp (−κt). Measured
values of the exponential decay constant κ are given in table I. It is also clear from fig. 2
that the fraction of particles in the algebraic tail increases with increasing sL. To quantify
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FIG. 1. The Bunimovich stadium with a leak of width λ. When a particle trajectory collides
with a straight edge with a p value close to 0 we say that the particle is in a Marginally Unstable
Periodic Orbit (MUPO). Such particles will progress slowly along the straight edges.
this we introduce the parameter α. We define α to be the value of the survival probability
when the survival probability exceeds the extrapolated purely exponential decay by an order
of magnitude. Measured values of α are given in table I.
The major contribution made by MUPOs to the formation of the algebraic tail can be
seen by comparing the two diagrams in fig. 3. In these diagrams, fc (s) is plotted as a
function of the s coordinate. The quantity fc (s) represents the number of collisions of
particles at a particular location on the boundary. The top diagram in fig. 3 shows the
results for sL = 0.0 and 0.25 for the full simulation time. It is clear that fc (s) is slightly
greater in regions of s corresponding to the straight boundary of the stadium for sL = 0.25.
The opposite is true for sL = 0.0. However, in both cases the differences between minima
and maxima of fc (s) is relatively small.
The bottom diagram of fig. 3 shows fc (s) when only collisions occurring for t ≥ 2× 103
are considered. This value of t is chosen such that we are calculating fc (s) for the algebraic
tail only. Here, fc (s) is more than an order of magnitude larger for regions corresponding
to the straight boundary than the curved boundary for both sL = 0.0 and 0.25. This is
because the majority of orbits in the algebraic tail are MUPOs, with particles bouncing
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FIG. 2. Survival probability P (t) as a function of time, t, for a stationary leak located at sL. The
value of α for sL = 0.0 is indicated.
TABLE I. Exponential decay coefficients, κ, and algebraic tail weightings, α, for stationary leaks
at locations sL.
sL κ α
0 4.402× 10−3 1.4× 10−4
0.1 4.748× 10−3 3.6× 10−4
0.1022 4.752× 10−3 5.7× 10−4
0.1024 4.750× 10−3 9.5× 10−4
0.11 4.683× 10−3 2.9× 10−3
0.25 4.382× 10−3 3.4× 10−3
back and forth between the straight edge boundaries. The value of α is larger for sL = 0.25
than for sL = 0.0. This is because, in order to reach the leak at sL = 0.25, particles in
MUPOs must first reach the curved region of the boundary and then decay from the MUPO
to a chaotic orbit. This switching of trajectories from regular to chaotic motion (and vice
versa) is referred to as intermittency and is a well-known property of stadium billiards.19 In
contrast for a leak on the straight portion of the boundary (such as sL = 0.0) particles can
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reach the leak whilst in a MUPO.
Finally, fig. 2 shows an abrupt transition in the algebraic tail between leak locations
sL = 0.1022 and 0.1024. The point at which the straight boundary joins the curved boundary
is s = 0.09725 and, since we are using λ = 0.01, a value of sL = 0.1022 means that a small
fraction of the leak still lies on the straight boundary edge but for a value of sL = 0.1024
the leak lies entirely on the curved boundary. Therefore, for sL = 0.1022 particles can reach
the leak whilst in a MUPO but for sL = 0.1024 particles need to first switch from a MUPO
to a more chaotic orbit.
IV. ROTATING LEAKS
The variations in the survival probability for stationary leaks at different locations, as
described in section III, suggests that a leak which is moving along the boundary as particle
trajectories evolve could result in new behaviour of the survival probability. In particular,
our intuition suggests that a moving leak may cause the survival probability to decay faster
since the leak will move to regions of phase space in which MUPOs are located. However,
as we illustrate in the next three subsections, the actual behaviour is more complicated
than this. Each subsection corresponds to a different range of rotation velocities which
each display different characteristics in the dependence of survival probability on rotation
velocity.
A. Rotating Leaks I: Low-ω Behaviour
The first regime that we study is for small values of ω such that the timescale required
for the leak to complete one full cycle around the stadium boundary is greater than the
timescale for the formation of the algebraic tail of the survival probability.
Results for P (t) for a number of simulations in the low-ω regime are shown in in fig. 4.
This figure clearly illustrates the characteristic behaviour of P (t) in this regime: an algebraic
tail is formed at intermediate times but this is later eliminated with exponential decay of
P (t) resuming. The range of ω which results in low-ω behaviour of P (t) is 0 < ω <∼ 4×10−4.
To understand this behaviour we take the example of ω = 1 × 10−4. The leak starts
at sL = 0 and reaches the transition from the straight to curved boundary at t = 972.5.
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FIG. 3. Top: The normalized distribution of collisions, fc (s), as a function of s for simulations
with a stationary leak at sL = 0.0 and sL = 0.25 for times 0 ≤ t ≤ 2 × 104. Bottom: The same
data for times 2 × 103 ≤ t ≤ 2 × 104. Note that the top diagram has a linear vertical scale while
the bottom diagram has a logarithmic vertical scale.
This time is before the algebraic tail has become apparent in P (t) and the exponential
decay coefficient is approximately κ = 4.393 × 10−3. As the leak moves around the curved
boundary the algebraic tail develops with α = 3.7× 10−4. As illustrated in fig. 4, at a time
marked τ1 ≈ 3980 there is a sharp change in P (t) with a large increase in the rate of decay.
The time τ1 corresponds to when the leading edge of the leak is moving from the curved
boundary to the lower straight boundary. Therefore, the increased rate of decay of P (t) at
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FIG. 4. Survival probabilities, P (t), for a number of rotation velocities in the low-ω regime.
times greater than τ1 is due to the loss of MUPOs as the leak moves along the lower straight
boundary. As the leak moves further along the curved boundary the rate of decay increases
even more. This is because a larger number of MUPOs exist in the left half of the straight
boundaries than the right since some of the MUPOs on the right will have leaked early in
time when the leak was moving along the upper straight boundary. This increased decay
continues until τ2 ≈ 5930, which corresponds to when the leading edge of the leak reaches
the left curved boundary. After this time, the leak moves along the curved boundary and
exponential decay resumes with a decay coefficient similar to that of the early time.
The behaviour of P (t) is similar for other values of ω in the low-ω regime with the
corresponding values of τ1 and τ2 being larger (smaller) for slower (faster) moving leaks. As
ω increases τ1 and τ2 move closer to the region of early time exponential decay. Eventually,
ω is sufficiently large such that the algebraic tail does not have time to form before the leak
starts moving along the lower boundary and sweeping up the MUPOs. The decay of P (t)
becomes purely exponential. We find that this occurs at ω ≈ 4 × 10−4. Therefore, we take
this value to be the upper limit of the low-ω regime.
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B. Rotating Leaks II: Mid-ω Behaviour
The mid-ω regime is characterised by survival probability having purely exponential decay
for all values of ω. We find no evidence of an algebraic tail of P (t) in this regime. Our
simulations suggest that the range of the mid-ω regime is ∼ 4× 10−4 ≤ ω <∼ 0.01.
Physically, the purely exponential decay in the mid-ω regime can be understood in terms
of the interaction between the moving leak and MUPOs. For ω values in the mid-ω range,
the leak is moving fast enough to sweep up the MUPOs before an algebraic tail can form (this
is in contrast to the low-ω regime). However, the leak is also moving sufficiently slowly such
that it does not jump beyond MUPOs as it moves around the boundary. For example, orbits
in the “sticky” invariant set are bouncing back and forth between the same two points on
the straight boundaries with a period of 4. Therefore, for λ = 0.01, if we have ω ≤ 2.5×10−3
these orbits are certain to intersect the leak as it moves along the straight boundary. For
larger values of ω the leak can move beyond the reflection point of the orbit on the boundary
while the particle is in transit in the stadium. MUPOs with a value of coordinate p close to 0
will similarly be unable to avoid a slow moving leak. Some MUPOs with a sufficiently large
p can avoid the leak because of the displacement along the boundary with each reflection.
However, it appears that there is not a sufficiently large population of these orbits to alter
the exponential decay behaviour of P (t) for ω <∼ 0.01.
For all values of ω studied in the mid-ω regime it is found that the exponential decay
coefficient lies in the range κ ǫ [4.5× 10−3, 4.7× 10−3]. This is similar to the values of κ
that were obtained for stationary leaks and leaks in the low-ω and high-ω regimes. Finally,
we do not rule out the formation of an algebraic tail with a very low value of α due to the
presence of long-lived orbits in the stadium. However, our studies suggest that this tail will
have α ≤ 10−9.
C. Rotating Leaks III: High-ω Behaviour
For ω ≥∼ 0.01 new behaviour of P (t) with changing ω begins to emerge. We refer to
this as the regime of high-ω behaviour. The relationship between ω and P (t) appears to
be significantly more complex for the high-ω regime than for both the low-ω and mid-ω
regimes.
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TABLE II. Exponential decay coefficients, κ, and algebraic tail weightings, α, for leaks rotating
with rotation velocity ω.
ω κ α
1 4.533× 10−3 1.4× 10−3
2
3 4.609× 10−3 1.9× 10−4
22
23 4.633× 10−3 1.0× 10−5
70
71 4.606× 10−3 1.4× 10−7
82
83 4.604× 10−3 2.5× 10−8
100
101 4.600× 10−3 < 1.0× 10−9
We first present results for rational values of rotation velocity, ω = p
q
where p, q are
coprime integers. The case of irrational ω is discussed at the end of the section. Figure 5
illustrates the dependence of P (t) on ω for a number of rational values of ω
(
= q−1
q
)
that
are successively closer approximations ω = 1. There are two clear trends in P (t). First, for
“smaller” values of denominator q, P (t) contains an algebraic tail with a value of α that
decreases rapidly with increasing q. This trend is illustrated in the top diagram of fig. 5
with the corresponding values of κ and α given in table II. The number of particles that
we have simulated means that we are unable to tell if the algebraic tail persists for values
of q >∼ 100. However, as we continue to increase q a second trend becomes apparent for
q >∼ 1000. This is illustrated in the bottom diagram of fig. 5. Here we see that P (t) has
a purely exponential decay for ω = 1008
1009
but as the rational approximations get closer and
closer to ω = 1 the curve P (t) asymptotically approaches the curve corresponding to ω = 1.
Our numerical simulations indicate that similar trends in P (t) are present for other
rational values of ω. For small values of the denominator q an algebraic tail is present. As
11
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FIG. 5. Top: Survival probabilities for ω = 1 and a number of successively closer approximations
to 1 in which an algebraic tail is evident with decreasing α. Bottom: Survival probabilities for
successively closer approximations to ω = 1 in which P (t) asymptotically approaches the ω = 1
curve.
q increases the α value of the algebraic tail decreases. This trend continues as q increases
but is interrupted if p
q
becomes sufficiently close to a rational number with denominator
less than q (in our example in fig. 5 this occurs near ω = 1008
1009
which is sufficiently close to
ω = 1).
Another example illustrating these trends is shown in fig. 6. Here, the decay of P (t)
appears to be purely exponential for p
q
= 4001
7000
but closer approximations to 4
7
cause P (t) to
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FIG. 6. Survival probabilities for ω = 1, 47 and a number of rational approximations to
4
7 . The α
value for ω = 47 is 7.1× 10−5.
asymptotically recover its algebraic tail behaviour. We also note that the survival probability
P (t) for ω = p
7
where p ǫ [1, 6] is almost identical to that shown for ω = 4
7
. In the high-ω
regime in general, we find that for values of ω in which P (t) has an algebraic tail, changing
the value of the numerator p does not change the α value of the algebraic tail as long as p
q
does not too closely approximate a rational ω with lower denominator value q.
The complex behaviour of P (t) described above can be understood by assuming that
MUPOs are responsible for the algebraic tail. If the moving leak can intersect the MUPOs
then an algebraic tail is unlikely to form. For a given MUPO with coordinate value p the
displacement of the orbit along the straight boundary, ∆x, and time, tc, between consecutive
collisions is
∆x =
2rp√
1− p2 , (1)
tc =
2r√
1− p2 . (2)
Here, we are assuming that particle velocity is 1. The number of reflections, N , required
for the particle to move the maximum distance possible along the straight boundary, d, is
given by
N =
d
∆x
=
d
√
1− p2
2rp
. (3)
13
Now since p is small we can let
1 + δ =
1√
1− p2 , (4)
where δ is a small parameter. This results in
tc = 2r (1 + δ) , (5)
N ∼ d
2r
1√
δ
. (6)
We can now calculate the location of the leak at the time of each reflection of the MUPO
(assuming sL = 0 when the orbit begins) as
sL (ntc) = ntcω − ⌊ntcω⌋ ∀ n ≤ N. (7)
We can use this to calculate how well the leak covers the boundary during the N re-
flections of the MUPO. We use fL (s) to denote this covering. This quantity represents
the number of times during the N reflections that the leak (which covers the range
[sL (ntc)− λ/2, sL (ntc) + λ/2]) covers a coordinate value s. It gives a distribution of the
leak locations that occur when the MUPO strikes the boundary.
If we calculate fL (s) for various values of ω then a clear trend emerges that matches the
observed trends in P (t) in the high-ω regime, as illustrated in fig. 7. The less uniform the
covering of the domain, s, then the larger the α value of the algebraic tail. For example,
for ω = 2/3, during the evolution of a MUPO the leak is near one of three locations
(sL = 0, 1/3, 2/3) each time the particle strikes the boundary. However, for ω = 100/101
the covering fL (s) is much more uniformly distributed and this corresponds to P (t) (shown
in fig. 5) in which the algebraic tail has become undetectable.
Intuitively, we can understand this result as follows. A more uniform covering means
that the leak is in a different location every time the MUPO strikes the boundary. Since
the MUPOs move very slowly along the boundary, a more uniform covering increases the
probability that the leak and particle will intersect. In contrast, a non-uniform covering
(such as that for ω = 2/3) means that the leak is in one of a small number of locations each
time the particle strikes the boundary and this gives a lower probability of the particle and
leak intersecting. In the case of ω = 1, the covering fL (s) is 0 everywhere apart from a
small region near s = 0 and so the leak is, in effect, stationary for a given MUPO. Therefore,
the α value for the algebraic tail of P (t) is comparable to those shown in table I for the
stationary leak.
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FIG. 7. Top: The covering, fL(s), of the leak of the domain, s, for a number of ω values that
result in an algebraic tail in P (t) (cf. fig. 5). Bottom: The same quantity for ω values that
asymptotically approach an algebraic tail of P (t) as ω increases. We have used δ = 10−7 for both
diagrams. Similar results are obtained when the value of δ is varied.
We note that in (7) the quantity that fL (s) depends on is 2rω. In all our results so far we
have used r = 1 and so the denominator of ω was the denominator of 2rω. When r is varied
we find that the results remain the same as those reported here if ω is scaled by a factor of
1/r and t is also scaled by factor 1/r (to account for the constant particle velocity v = 1).
Therefore, for a stadium of varied dimensions it is the quantity 2rω which determines the
behaviour of P (t) for a given ω.
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We conclude this section by briefly considering irrational values of ω. Equation (7)
suggests that fL(s) will be fairly uniform for irrational ω. This is indeed the case for many
irrational ω values and, consequently, P (t) displays purely exponential decay behaviour.
However, it is possible to find irrational values of ω that are sufficiently close to rational ω
values such that P (t) displays an algebraic tail. One such class of irrational numbers is the
Liouville numbers20 defined as
Lb =
∞∑
k=1
1
bk!
(8)
for any integer b ≥ 2. The Liouville numbers have the property that for every positive
integer n, there exists integers p > 0 and q > 1 such that
0 <
∣∣∣∣Lb −
p
q
∣∣∣∣ <
1
qn
. (9)
The Liouville numbers are, therefore, irrational numbers that can be closely approximated
by rational numbers. In the top diagram of fig. 8 we have plotted survival probability P (t)
for ω = L10 and L2 which display an algebraic tail. The covering fL(s) for these numbers
contains many intervals of s in which fL(s) = 0. We also find irrational numbers other than
the Liouville numbers that display non-exponential decay in P (t). For example, in fig. 8 we
have also plotted P (t) for ω = ln 19. The covering for this ω is interesting as it shows fL(s)
changing from non-uniform (with intervals where fL(s) = 0) to uniform as δ → 0. This
is illustrated in the bottom diagram of fig. 8 for two values of δ and this transition in the
covering may explain why the algebraic tail of P (t) is present only at intermdiate times for
ω = ln 19. Further work is required to establish a more precise relationship between P (t),
fL(s) and ω for both rational and irrational rotation velocities.
V. VARIED LEAK SIZE
In this work so far we have used a constant leak size of λ = 0.01. It is known4 that for a
stationary leak, the exponential decay coefficient, κ, varies approximately with the natural
logarithm of 1−λ, whilst the algebraic part of the survival probability depends quadratically
on the leak size.12 In this section we investigate the effect of varying λ on the three regimes
of ω described in the previous section.
Figure 9 shows survival probabilities for a rotation velocity in the low-ω regime (ω =
1 × 10−4) and in the high-ω regime (ω = 70/71) for leak sizes of λ = 0.005, 0.01 and 0.02.
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FIG. 8. Top: Survival probabilities for three irrational values of ω that do not show purely
exponential decay. Bottom: The covering, fL(s), for ω = ln 19 for two different values of δ.
The effect of the leak size on the exponential decay portion of P (t) is clear with a larger
leak causing an increase in κ.
Starting with the low-ω case, the leak size has little effect on the behaviour after the
exponential decay phase. This is still dominated by a rapid emptying of the billiard as the
leak moves along the lower straight boundary. However, the ω value at which we move from
low-ω to mid-ω behaviour does depend on leak size, namely, increasing λ increases the ω
value at which this transition occurs. For λ = 0.005 and 0.02 we find transition values of
ω = 1.6× 10−4 and 5.9× 10−4, respectively.
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FIG. 9. Some examples of the effect of varied leak size on P (t) for ω values in the low-ω and high-ω
regime. The exponential decay coefficients are κ = 2.25 × 10−3, 4.49 × 10−3 and 8.88 × 10−3 for
λ = 0.005, 0.01 and 0.02, respectively.
The transition value from the mid-ω to the high-ω regime also depends on λ. For λ =
0.005 we find the transition occurs at ω ≈ 3 × 10−3. However, the transition values for
λ = 0.01 and 0.02 are similar, at ω ≈ 1× 10−2.
Figure 9 also shows P (t) for ω = 70/71 for three different leak sizes. As we can see here,
the α value of the algebraic tail varies inversely with λ (for λ = 0.02 we have not simulated
enough particles to accurately measure the α value). These results are consistent with the
concept of covering that we introduced in section IVC. When we calculate the covering
fL (s) for λ = 0.005 and 0.01 we find that there are intervals of s where fL (s) = 0. However,
for λ = 0.02, we find fL (s) > 0 ∀ s ǫ [0, 1].
We conclude that with a varied leak size there are still three distinct regimes of P (t)
behaviour similar to those described in section IV. However, the values of ω in which we
transition from one regime to another depend on λ and for the high-ω regime, the α value
of the algebraic tail also depends on λ.
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VI. SUMMARY
This paper describes a detailed study of the open stadium billiard with a leak that moves
around the boundary at constant velocity. We have identified an interesting relationship
between the survival probability P (t) of particles in the stadium and the leak rotational
velocity ω. We can summarize the different responses of P (t) to ω as follows (where the
ranges of ω values are those for the parameters d = 2, r = 1, λ = 0.01).
1. Stationary leak: ω = 0. P (t) exhibits exponential decay at early times but for long
times the decay becomes algebraic.
2. Low-ω behaviour: 0 < ω <∼ 4× 10−4. The algebraic tail forms at intermediate times
but is then eliminated as the moving leak sweeps up the MUPOs.
3. Mid-ω behaviour: ∼ 4× 10−4 ≤ ω <∼ 0.01. The moving leak sweeps up the MUPOs
sufficiently quickly such that no algebraic tail is formed. The decay of P (t) is purely
exponential.
4. High-ω behaviour: ω ≥∼ 0.01. The presence and strength (α value) of an algebraic
tail in P (t) depends on the quantity 2rω. If this quantity is sufficiently close to a
rational number with a low denominator then an algebraic tail is present.
For the low-ω case the behaviour of P (t) evolves during the first cycle of the leak around the
stadium boundary while for the mid-ω case only a few cycles are required to sweep up the
MUPOs. However, in the high-ω case the timescales on which P (t) evolves correspond to
multiple cycles of the leak. We also note that even though ω has a significant effect on the
duration of the exponential decay phase, the exponential decay rate remains fairly stable.
For all simulations we found 4.3× 10−3 ≤ κ ≤ 4.8× 10−3 for λ = 0.01.
Our results on varied leak size, described in section V indicate that the characteristic
behaviour of P (t) in the different ω regimes is insensitive to leak size, although the transition
values of ω between regimes does depend on λ.
Our analysis of the results throughout this paper has focussed on the role played by
MUPOs. Although the stadium billiard contains rich dynamics and many other classes of
orbits, we have not identified any other class of orbits whose survival probability depends
on ω in a similar way to the MUPOs.
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Further work is required to establish a more rigorously quantified relationship between
P (t) and ω, particularly for the high-ω regime. However, the results presented here clearly
demonstrate that the open stadium billiard with a rotating leak contains interesting and
surprising behaviour. We conclude by mentioning that there are many outstanding prob-
lems in open billiards21 that the rotating leak scenario can help to address. These include
questions on how to maximize or minimize escape rates and the universality of escape rates.
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